P. INTRODUCTION
It is expected that muon, pion, kaon, and antibaryon beams of usable intensity can be photoproduced by an electron machine such as the Stanford Linear Accelerator. In order to estimate the flux of these secondary beams, it is necessary to have a simple and reliable formula for the bremsstrahlung spectra covering target thicknesses up to several radiation lengths and the photon energy, & in the range $Eo< k<Eo, where E o is the incident electron energy.
Most of the articles in the literature1 are mainly concerned with photon energy much smaller than an incident electron energy, Eo, and hence are inapplicable to our problem. Among experimentalists, a computer program by R. Alvarez 2 seems
to be widely used. Alvarez's program essentially treats the emission of the bremsstrahlung by the first generation electrons (degraded in energy using Heitier's straggling formula) and the absorption of the bremsstrahlung by a factor 1 -p (t-t,)
due to pair production, where t-t' is the target thickness (in radiation lengths, r. 1. )
from the point of gamma production t 1 to the point t where the gammas are to be used. Actually the factor 1 -f (t-t') in Alvarez's program is a series expansion of expc-g (t-Vi)and hence is applicable only for target thicknesses very small compared with unit radiation length. There are many other technical notes about this subject by various people. Every experimentalist seems to have his own version of a thick target bremsstrahlung formula, and each one of them seems to be widely different from the others, none of them being very convincing. Apparently what is needed is a detailed derivation of a formula whose error can be evaluated and range of applic--ability stated. Also, in case a refinement is required, the treatment given can be a useful reference.
The method we used is similar to that of Bhabha and Heitler. 3 This method is >-ar-P titularly suited to calculatin, o' the shower components whose energies are not sma,;l I compared with the incident electron energy. The method consists of successive approximations for solving the shower equations: First calculate the ener,gy distribution of the first generation electrons, Ie % E), as a function of target thickness. 1:) (t, E) represents the straggling of the incident electrons due to the emission of bremsstrahlung. Then IF)(t, EJ is used to calculate the first generation photon spectra I(s) (t, k) with absorption of the resultant photons due to pair production taken into consideration.
(1) I y (t, k) is then used to calcula",e the second generation electron spectra, Ie (') (t, E) , by pair production with straggling of the . (2) resliitant electrons due to the bremsstrahlung taken into consideration.
le (t, E)
is then used to calculate the second generation photons, I y' (t,k}, and so forth, urntii the cantribution becomes negligible. The energy distribu%~on OI -+&& pjlQtQp& as a function of thickness is then given by the sum,
I3habh.a and Heitler3 were mainly concerned with the multiplicity and energy distribution of electron showers, whereas we are interested in obtaining a reasonably accuraze and compact formula for I Y (t, k) to be used in photoproductior of particles,
Our main results are contained in Eqs. (24)) (25) and (29) o Ecpatio-;; (Z$J gi-sJes the first generation bremsstrahiung energy distribution as a f~&~on of target thickness I$)(t,k).
We have used the complete screening formula for the bremsstrahlung cross section. Hence our 1;' (t, k) is not reliable at the tip of the bremsstrahiung spectra. It is a major problem to dispose of electron beams after thay have been used to produce secondary beams. The formulae for I!)@, E) and I(e2) (t, E) given in. this paper may be used to calculate the intensity and energy distribution of the electron beams and thereby assist in the problem of dumping electrons.
In Section III, we state some of the practical problems involved in using a thick target and also illustrate how our formula may be used for the calculation of secondary beam yield.
II. CALCULATIONS A. Shower Equations at High Energies
We are interested in deriving a reasonably compact formula for the photon spectrum as a function of target thickness produced by a single incident electron with an mcident energy E. > 1 BeV. Since E. is high and we are interested only in the high ener,gy component of the shower, we need to consider only the energy loss of electrons due to bremsstrahlung and the attenuation of the photon beam due to pair production.
X is convenient to measure the thi&ness of the target in units of radiation length. We shall also use the complete screening formulae for both the bremsstrahluing and pair production . cross sections. As mentioned in the introduction, this will cause inaccuracy near the very tip of the bremsstrahluss, especially when the target is very thin. Bowever, bLz,. LiU.3 difficulty ean be remedied easily later. Our objective is to obtain I,, (t, k) and Ie(t, E) with the boundary conditions Iy (03 = 0,
I, (0, E) = d (E-Ed .
siibstituting I y (t , k) = F (t, k) e -.?t in (4)) and solving for F(tS k) using the boundary condition (6), Eq. (4) may be integrated into the form
rn, I ne physical meaning of Eq. (8) is clear. The last integration represents the bremsstrahlung produced at tq and the term exp(-g (t-V)> just represents the attenuation of the photons due to the pair production in going through the thickness (t-t'). Equation (5) can also be cast in a similar form. To do that we first let I y = 0 and solve Eq. (5) with the boundary condition (7), the result must be, by definitiorr, equal to 1:' (t, E), the intensity of the first generation electrons per incident electron. Ie (I9 (t, E) is also called the straggling formula because it represems the energy distribution of the incident electron itself after having passed through thickness t. For convenience let us restore the E. dependence of ile 49 it, E) and write
Then obviously Eq. (5) with the boundary Finally dt' is integrated from 0 t0 t. Now Eqs. (8) and (10) are completely equivalent to shower Eqs. (4) and (5) with 'boundary conditions (6) and (7). Once I!' is obtained, Eqs. (8) and (10) can be solved by iterations
n= I.,2,3, . . . (I) (t, E) can be obtained by using a Beitler triek;5 namely, the bremsstrahlung shape in the last two integrations is approximate6 by a more convenient form: k
In Fig. 2 we compare the shape of the above two expressions.
It should be noted that for k/E = 0 the two expressions coincide, and for k/E < 0.5 the approximate expression is, at most, 10% higher than the exact expression. Since the approximate expression for the photon emission is more accurate for low k, the resultant solution for (1) I e (t, E) must be more accurate for E closer to E.
-this is exactly what we want.
With this approximation we have, from Eq. 
where the integration path, c, runs parallel to the imaginary axis with Re s > 0 .
If one completes the contour by an infinite semicircle on the left plane and evaluates the residue at s = -1, one obtains
This is the well known formula first obtained by Bethe and Heitler. 7 (See Heitler, 5 4 page 378. Instead of 3 in the formula he used a different value. We used 2 in order to force the approximate formula (15) to agree with the exact value at the (1) infrared limit (k=o); thus I e (t, E) has the correct value for E near E. .) C. First Generation Photons I(:)(t, k) Substituting Eq. (22) into Eq. (11) we obtain t ti
Xq;ia-tion (23) as ii; stands has a singularity in the integrand when E. = E and -p<: . In order to carry out numerical integration by a computer, it is convenient to write it in a different form. The terms eex and e" are then expanded into a power series and the integration carried out term by term. We then obtain where u = k/E0 .
The infinite series converges rapidly when u is near 1. (2) Replace log (Eo/E) by (Eo-E)/Eo . This approximation is also good when E is close to Eo.
(3) Replace r($t') by 3/(4t'j. This replacement is correct to within L2% LPS long as 4t'/3 c: 1.25.
We obtain then an approximate expression for I!$)&, k) ;
The approximations made in deriving this formula are extremely crude and not valid at all when E /Eo-0 and t' > 1 . However, the numerical comparisons shown in Table I and Fig. 3 indicate that up to t = 2r. 1. and 0.2 < k/Eo <. I, the difference between I $) (t, k) and [IF) (t, kg approx is about 0 to 15%. The reason for this miraculous agreement between the numerical values of the two expressions can be understood by closer inspection of the behavior of the integrand of Eq, (23).
We notice t?at the integrand is big only when 4 t'< 1 and E +Eo. But our approximations are good under these circumstances, and hence even though they are very bad in other regions of integration, the integrand there hardly contributes anything to the final result.
E. The Second Generation Electron and Bremsstrahlung Spectra: I e t2) Q, E) and I(;) [;I kj
In this section we would like to make rough estimates of I e (2) (t, @) and I?) (t, k) in
(1 order to have some feeling for the errors involved in using Ie t, E) and a -h:lj k I Y t b, k) in doing further calculations.
Substituting Eqs. (25) and (22) Now the gamma function may be replaced by 1 because when 3 4 (t-t') ,< 1.25, this replacement causes 12% error at most ,and when 3 4 (t-t') > 1.25 the term (& k/E) i kt') decreases rapidIy with increasing t-t' when k/E is very close to 1.
With these approximations the integration with respect to t1 can be carried out and we obtain In Table II we compare EoIe ") (t, E) with E I(')(t, E). oe The second generation photons can be obtained by substituting Ie (2+t, E) in Eq. (11). Since we are interested s(l-;) i (;)2 by 1. only in the order of magnitude, we may again approximate 3
After integration with respect to V, we obtain the second generation bremsstrahlung spectra as a function of target thickness: -y) , N2 = e , 3 N3 = (1-G) 3 .
In Table III It is seen that this ratio is 0.078 at t = 2 r. 1. , k/E0 =I 0.5 and it becomes smaller as t is decreased or k/E0 is increased. The smallness of these ratios assures us that for those experiments which only utilize bremsstrahlung in the energ-y range ; < k/E0 < 1 and thickness t < 2 r. l., the second generation photons can safely be ignored.
III. APPLICATIONS
Let us briefly mention some of the problems8 involved in using a thick target at high energies with an intense electron beam. Table IV .)
Using Eq. (30) we have calculated the yield of 7r, k-, k+, k", p from the electron machine using various kinds of production mechanisms. The numerical results show that the smaller the z the better the yield since no strongly interacting particles are photoproduced with z2 dependence; hence the yield per radiation length is larger from small z materials than from high z materials. The nuclear absorption coefficient, rl , is larger for the low z materials than for the high z ones, but it is not a very decisive factor in the choice of materials because there is not much sense in using a target thicker than 2 radiation lengths. Thus, Y is rather weakly dependent upon rl .
We have used Be targets to calculate the yields for various particles. The results indicate the optimum thickness of the target is around T = 2 for 7r and k productions and T = 1.6 for 6 photoproduction. For muon production, the nuclear absorption coefficient rl is zero; thus as far as the yield is concerned, the thicker the target the better. Nowever, more than 90% of the maximum number of muons with energy > $ E. are produced within a thickness of four radiation lengths.
IV. DISCUSSION
From the numerical examples, the following conclusions may be drawn:
i) Second generation bremsstrahlung is negligible for T < 2 r. I. and k/E0 > 0.5. Eo, the energy of the electrons E from which these y's are produced must also be very close to E. . Now the electron spectrum given by I e ('I (t, E), Eq. 22 changes its shape abruptly at t = .75 r. 1. For t c.75, we have It) (t,Eo) = co; whereas for t > .75 , we have I e +t, Eo) = 0 . This tells us qualitatively that practically all the high energy y's are produced from t = 0 to t = .75, and after t = .75, the intensity of the y's is just attenuated by the absorption factor e-7/9(t-. 75) , as shown in Fig. 3 .
In Figs 3. Exact and approximate first generation photon spectra as a function of target thickness.
(1) 4. Blots of kI y (t, k), as given by Eq. (24)) as functions of t and k/E0 . 
TABLEIII second generation to first generation photon spectra as functions of k/E0 and t t = 0.6 t = 0. 
